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Design Sensitivity Analysis of Hyperelastic Structures
Using a Meshless Method

Iulian Grindeanu*
University of lowa, lowa City, lowa 52242
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University of Oklahoma, Norman, Oklahoma 73019-4076
and
Kyung K. Choi* and Jiun-Shyan Chen®
University of lowa, lowa City, lowa 52242

A continuum-based design sensitivity analysis method for hyperelastic structures is presented. Analysis is per-
formed using a meshless method, called the reproducing kernel particle method. Yeoh’s energy density function is
used to describe the hyperelastic structural behavior. The meshless method eliminates mesh distortion or entangle-
ment encountered in using finite element analysis for large deformation structural analysis and structural shape
design optimization. Both the adjoint variable and direct differentiation methods are developed for material and
shape design variables. An infinitely long rubber tube, a two-dimensional rubber band, and an engine mount are
examples used to demonstrate the feasibility and accuracy of the method.

Nomenclature
a = dilation parameter
a('*4'z,4z) = energy form (linear in virtual displacements)
a*(§z; 02, 02) = energy bilinear form
C(x;x —s) = correction function
oD = incremental stress-strain tensor components
0€ij = linear part of strain increments
oF;; = deformation tensor components,
6’xi/6Xj = aj +atZl‘/an
G = right Cauchy-Green deformation tensor, ((F)” | F
Ho2) =load form (virtual external work), = '*4'R
M(x) = moment matrix at x
m,(x) = moment of ordern at x
08i; = second Piola—Kirchhoff stress components
0Sij = increments for stress components,’ "2} S;; — [ S;;
4 = strain energy density function
X = position of a material particle at initial
configuration
‘x = position of a material particle at time ¢
oz = displacement vector referred to the original
configuration, ‘’x — X
0Z = increment in displacement vector, ™%z — !z
0Z = virtual displacement vector
'r = boundary of domain at time ¢

d = Kronecker symbol

0&ij = Green-Lagrangian strain components,
| 1t t t t
300G — 8j) = 3(02i.j + 0Zji T 0Zki 0%k ;)
o . t+At t
0&ij = increments for strain components,’ " j&;; — (&
oThij = nonlinear part of strain increments
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D, = kernel function
@,(x; x —s) =modified kernel function

Y (x) = interpolation function of particle X;
v = generic performance measure
Q = physical domain at time ¢
) = first-order variation with respect to a material
) property design variable u
O = total derivative with respect to a shape design
variable
I. Introduction

NE of several challenges in structural shape optimization in-

volves mesh distortion or entanglement during design itera-
tions due to shape changes, when the finite element method (FEM)
is used for structural analysis. Consequently, shape optimizationit-
erations often fail or converge to an unacceptable solution. Similar
problems exist in using finite element analysis (FEA) for structural
analysis of large deformation nonlinear problems, such as hypere-
lastic structuresand metal forming, in which the finite element mesh
is distorted or entangled due to excessive deformation.

In recent years, a number of meshless methods not requiring ex-
plicit mesh have been developed. Smooth particle hydrodynamics
(SPH)' was the first meshless method developedfor infinite domain
astronomy problems; however, the solution accuracy was unsatis-
factory when SPH was applied to structural problems. The diffuse
element method (DEM)? was introduced based on moving least-
squares approximation. The element-free Galerkin®* method im-
proved the solution accuracy of DEM through a better numerical
integration method, inclusion of the derivatives of interpolants that
were omitted in DEM, and an accurate treatment of essential bound-
ary conditions. The reproducingkernel particle method (RKPM )38
was proposedtoimprove theaccuracy of SPH for finite domain prob-
lems. In RKPM, the kernel function was modified by introducing
a correction function to meet the reproducing conditions. The re-
sulting modified kernel function exactly reproduces polynomials to
a specific order and thereby fulfills the completeness requirement”’
The shape functions developed from RKPM were later proved to be
equivalentto moving least-squareskernelinterpolantsif polynomial
basis functions were used.” The RKPM was extended to highly non-
linearhyperelasticity’ and elastoplasticity® problemsby introducing
amaterialkernel functionto handleextreme materialdistortion with-
out readjustment of dilation parameters. A direct transformation
method”-® was also introduced to exactly impose essential bound-
ary conditions. This approach successfullyresolves mesh distortion
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problems, and very accurate solutions can be obtained with rela-
tively fewer degrees of freedom compared with FEM.”-$

Considerable work has been devoted recently to nonlinear de-
sign sensitivity analysis (DSA), for both sizing'*~'® and shape'> =2
design applications. Both the material derivative method'® and the
control volume method'*-?* were used for shape DSA. Choi and
Duan'’ developed a DSA method for hyperelastic structures using
ABAQUS.?" A mesh distortion problem occurred in the FEA of
a two-dimensional engine mount example using ABAQUS, when
large loads were applied.

Our objective here is to develop a DSA method for hyperelastic
structuresusing RKPM. In this work, both the material and shapede-
sign variables are considered for DSA. For continuum-based DSA,
the tangentstiffness operatorat the final equilibriumconfigurationis
used to derive the adjoint and sensitivity equations. Consequently,
computation of the sensitivity coefficient is efficient because no
iterations are needed to achieve a convergent solution. Also, the
tangent stiffness matrix at the final equilibrium configuration was
decomposed during the structural analysis process; only forward
and backward substitutions are needed for DSA.

Organization of the remainder of the paper is as follows: Sec. II
presents a variational equation of hyperelastic structure and its lin-
earized incremental form. Section III is an overview of the RKPM
and its discretized form. Sections IV and V describe the proposed
materialand shape DSA methodsusing RKPM. Section VIdescribes
anumericalmethodfor DSA using RKPM. An infinitely long rubber
tube, a two-dimensional rubber band, and an engine mount are pre-
sented as examplesin Sec. VII to demonstrate the proposed method.
Section VIII presents a summary and future research directions.

II. Variational Equations of Nonlinear
Hyperelastic Structures
Using the principle of virtual work, we can write the equilibrium
equation of a hyperelastic structure at the configuration of time
t+A t, with domain ' +2/Q and boundary ' 4 I" as??

1+A1W1+ArdQ:1+A1R (1)

i+Atg

where ' *4 R is the virtual work done on the structure by the exter-
nally applied load through a kinematically admissible virtual dis-
placement. The overbar represents the first-order variation of the
quantity. Using Yeoh’s strain energy density*® definition expressed
by Penn’s reduced invariants (Ref. 24), ' ¥ W can be written as

t+Aty :A10(1+Aéil —3)+A20(’+A6i1 _3)2

F A (AR = 3) + (k2) (AT 1) @)

where Ajg, Ay, Asp, and k are material properties. In Eq. (2),

~ _1
AL = AL (L) R, L =u(G)
(3a)

AL = det(" T4 G)
and
A = ('“(;13)% = det("*(F) (3b)

where ‘"*/F is the deformation gradient tensor and '**(G =
(‘TAR)T(TT4F) is the right Cauchy-Green deformation tensor.

For the total Lagrangian formulation, the initial configuration
at t =0 is selected as the reference configuration, and the second
Piola—Kirchhoff stress tensor ' ¥4 S;; and the Green-Lagrangian
strain tensor ' **{¢;; are employed. We can write the equilibrium
Eq. (1) as'®

ﬂ(HrA(;Z,oZ) E/ 1+A1WOdQ:/ [+A(§Sij[+A65ij0dQ

0q 0

= [ pentae s [ mtar = a0
0 or

for all 0z € 0Z @)

where ' *4{z is structural displacement at time 7 +A ¢ referred to

the configuration at time 0, ' **{ f; and ' **/T; are structural body
force and traction force, °Q and I" are the structural domain and
boundary, and (Z is the space of kinematically admissible virtual

displacements. Stress components for assumed hyperelastic mate-

rial are computed using?-2°
t+At
1+A1S”_1+A1W _6 OW
o~y T 0 ’gij_6[+41
0&ij

- 2{ [0+ 24n( 41 = 3) + 3450 ( 1, = 3)']

_ 1 1
X (1+Aél3) 3 ((3” _ §1+Aéll 1+A6G;il>}
+k’+AéJ([+AéJ—1)[+AéGi;I (5)

To solve this nonlinear equation, the linearized incremental form
of the equilibrium equation is introduced over the time interval
[t,t+At]as

1. Y — t S 0 t = 0
a*(OZ, 0%, OZ) =/ OW’Sij’ &5 0€rs Oeij dQ +/ OW’Sij 0nij dQ

0o 0

— = b= 0
- / ODijrx (OZ):,J + 6Zk¢)' OZkJ)(Zz}j + (;Z&i OZ&_/') dQ

0q

+/ 6W,sij 0%k, 02k, j °dQ = 4(y7) —/ 6W,sij 0@ij °dQ

0q 0Q
=4£2) —a(}z, oz) ©)

Note that in Eq. (6) the external load is assumed to be deformation
independent. The energy bilinear form a*({z: ¢z, 9Z) is linear in
both the displacement increment ¢z and virtual displacement (z.
Incrementsin stress are computed using the constitutivelaw, (S;; =
0Dijrs 0&rs, where D is the fourth-order incremental strain-stress
tensor.??

III. Reproducing Kernel Particle Method
A. Construction of a Kernel Function
The RKPM discretization is based on the following kernel esti-
mation of a function’:

) = / Dy (x — 5)z(s) ds N
o

where
D,(x —s5)=(1/a)D[(x — 5)/ a] (8)

The term z®(x) is the reproduced z(x), @,(x — s) is the kernel
function,and a is the dilation parameter that controls the size of the
supportof @,(x — s). For nonnegative @,(x — s) with the integral
normalized to unity, z¥ (x) convergesto z(x) asa — 0. If the kernel
function is the Dirac delta function, z% (x) reproduces z(x) exactly.
In computation, functions such as Gaussian or spline functions with
small supports are usually used as kernel functions. In this work,
the following cubic spline is used (see Fig. 1):

2 —4of* +4]af, for 0<|a <1
D(a) = 1 4 —4lo| + 4laf® — dfal’, for < al=1 (9)
0, for |af> 1

Equation (7) is the foundation of SPH.! Liu et al.’ suggested
a modification of Eq. (7) to improve the accuracy of SPH by

D, (x-x) Fig.1 Cubic spline kernel

function.
X-X i

1 I 1 a
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introducing a modified kernel function such that the kernel esti-
mation exactly reproduces polynomials:

R(x) = / @,(x; x —5)z(s)ds (10)
Qx

where
&)a(x;x—s):(Da(x—s)C(x;x—s) (1

is the modified kernel function.In Eq. (11), C(x; x —s) is called the
correctionfunction and is expressed by an N th-order polynomial of
(x —s),ie.,

N
Clx;x—s) = b(x)(x —s) =H"(x — s)b(x) (12)
i=0
where
H(x—s)=[l,x—s,(x—5)2,...,(x =] (13)
and
b (x) = [by(x), by (x), ..., by(x)] (14)

and the various b; (x) are functions of x. The coefficient vectorb(x)
isdeterminedby satisfyingthe conditionthat,if z(x) is a polynomial
of degree at most N, then z?(x) = z(x).

Expressingan Nth-orderpolynomialof z(s) in terms of power se-
ries of (s — x) by a Taylor expansion, the imposition of z%(x) = z(x)
leads to the following equations:

My = 8,0, n=0,1,....,N (15)
where

n,(x) :/ (x—98)"C(x; x —8)D,(x —s)ds
Qx

N
= D bp(x)my i (x) (16)
k=0

and

m,(x) = / (x —8)"D,u(x — 5)ds (17)

Qux

Equations givenin Eq. (15) are called the reproducingconditions>-©
By rearranging Eqs. (15-17), b(x) can be obtained from

b(x) =M~ (x)H(0) (18)

where the moment matrix is introduced as

sz(x)=m1+1(x)=/ (x =)' D (x — 5)ds (19

Qx
Finally, the modified kernel function @,(x; x —s) is obtained by
D,(x;x —5) = Dy(x —5)C(x; x — )
= @(x —s)H" (x — ) M~ (x) H(0) (20)

The discretized reproducing equation is obtained by performing
numerical integration of Eq. (10). An example of discretization is
employing the trapezoidalrule to the reproducing equation to yield

NP _ NP
R =Y D x —x)z(x)Ax =D H(x)z (21

i=1 i=1
where NP is the total number of particles and
Fi(x) = @, (x;x —x)A X, (22)

can be interpreted as the interpolation functions of z®(x). The
derivative of the interpolation function ¥;(x) is obtained using

D, (x;x —x;) = D, (x —x;) H' (x — x;) M~" (x) H(0)
+ @, (x —x;)) H' (x — x;)) M (x) H(0)

+ @, (x — x;) H" (x — x;) M, (x) H(0) (23)

and
M'(x)=-M"(x)M . (x)M ' (x) (24)

Several remarks were discussed in Ref. 7 and are repeated here.

1) The term M is the Gram matrix of a set of basis functions
{I,x —s,(x —5)%, ..., (x —s)} with respect to @,. Because @,
is chosen to be a positive function, M is nonsingular.

2) If z(x) is an Nth-order polynomial, the reproducing Eq. (10)
reproduces z(x) exactly.

3) The matrix M and its derivatives need to be integrated using
the same integrationrule as in Eq. (21).

4) The smoothness of the interpolation function ¥;(x) depends
greatly on the smoothnessof the kernel function @,,. It was discussed
in Ref. 8 that, if @, € C"(L2,), then ¥ (x) € C"(Q,).

5) In the case where the support of @,(x — x;) does not intersect
with the boundary, M degenerates to a constant matrix if particles
are equally spaced, and the trapezoidalrule is used for integration.

6) The supportof the kernel function has to cover at least one ad-
jacent point to maintain numerical stability (which is often referred
to as the kernel stability).

7) The shape function ¥ (x) does not possess Kronecker delta
properties, i.e., ¥ (x;) # §;. The extension of @, to multidimen-
sional cases is straightforward and can be found in Ref. 8.

B. RKPM Galerkin Approximation

Let z" and 7 be RKPM approximations of z and Z, respectively.
Using the Galerkin approximation, the problem statement is as fol-
lows. For a structure with domain °QQ and boundary °I" (a subset of
which °T, is an essential boundary with prescribed displacement
g), given the energy density function W, body forcesf, and traction
forces T, findz" € oZ, C H} = [z:z € H'(°Q),z; = g on "],
such thatforallz" € yZ C H} = [z:z € H'(°Q),zs =00n°I,],

a(r+Arzh,Ozh) :/ 1+A6Sl_j(r+Arzh)1+Aég.ij(ozh)0dg
0q

:/ 1+Aéfl_ OZdeQ—F/ 1+A6TI_ oz?OdFZE(ozh) (25)
0 or

The RKPM interpolationfunctions for ith componentsofz” and z *
are

NP
) =2 W) dy (26)
1=1
and
NP _
) =20 P d, 27

I=1

where d;; and d;; are the ith components of the generalized dis-
placement and generalized virtual displacement of particle /, re-
spectively.

Because ¥;(x) does not hold Kronecker delta properties, essen-
tial boundary conditionscannotbe introduceddirectly. Chenet al.”-*
proposed a direct transformation method where generalized dis-
placements are transformed to nodal displacementsd;; by

. NP
di; = Z Ajrdiy (28)

J=1

where
App = Yi(xy) (29)

The displacements are then interpolated by

NP
2 =2 Pedi (30)
K=1
where
. NP
Pe(x) = 2. Agh P (31)

I=1



GRINDEANU ET AL. 621

With this newly defined interpolation function ‘?’K (x), essential

boundary conditions are imposed by
ﬂiu = gi(x,)

= s for

R x; € T, (32)
d; =0

Note that, in computational implementation, the stiffness matrix
and force vectorsare formed using ¥; (x) and then transformedto the
nodal coordinate system by the transformationmatrix A, defined by
Eq. (29). The resulting discretized RKPM incremental equilibrium
equation is similar to that of the FEM, except that no explicit mesh
is needed to construct shape functions.

For large deformation analysis, a material RKPM kernel function
was introduced in Refs. 7 and 8 so that the kernel function covers
the same set of material particles throughoutthe course of deforma-
tion. This formulation ensures that the kernel stability condition is
satisfied regardless of the material distortion. This method expresses
the kernel function in original configuration in the following form:

0y _ 0
@, (Ox _ 0x1) _ %q;(M) (33)

a

where %x is the material coordinate. Although this material kernel
function fits naturally for the total Lagrangian formulation, it can
also be used for the updated Lagrangian formulation in which the
spatial derivative is obtained by the chain rule

0, ("x — 'x;) 0D, (°x — x;)

6[.xi 60.xi

LF (34)

LY

IV. Material Design Sensitivity Analysis
Considera structuralsystemin the final equilibriumconfiguration
at time ¢ (instead of t +A t of Sec. II), corresponding to a given
material property design variable u. Using Eq. (4), we can write the
equilibrium equation for the structural system as

a,(4z. 02) = 4. (02), for all

When the material property is perturbed to u + 7du, the structure
reaches another equilibrium configuration at time ¢ + A ¢. The new
equation of equilibrium is

0Z € oZ (35)

ay + 1§L¢[[+Aéz(u + T6M), OZ] = ’€u+r§u(02)» fOI' all OZ S OZ
(36)

The variation of the solution 'z of Eq. (35) with respect to material
property u is defined as'®

d 1+Arzu+,[5u _rzu
OZ/E—[+A(;Z(M+T6M) =11m 0 ( ) 0( )
dr =0 >0 T
(37
The first-order variation of the energy form with respect to the
material property u is'

d
d_’l.'{aqu Téu [[+A(;z(u + T6M), OZ]}rzo

= aé'u (61’ OZ) + a: (61, OZ/’ OZ) (38)

where aj, is the first-order variation of the energy form of Eq. (36)
with respect to its explicit dependence on the material property u:

Ld : -
aé'u ([Z, OZ) = a[all+T§l¢ (1+A [Z’ OZ)]r:O (39)

The tildeindicatesa variablethatis to be held constantfor the process
of partial differentiation. The first-order variation of the load form
of Eq. (36) is

_ d _
’ea‘u(OZ) = a[’etHrrb‘u(Oz)]r:O (40)

The sensitivity equation of the direct differentiation method is
obtained then as

a(iz; 07, 02) = £5,(02) — aj ({2, 02), forall oz € oZ (41)

Note that the same energy bilinear form appears on the left-hand
sides of Egs. (6) and (41). Correspondingly, the stiffness matrices
will be identical when the two equations are discretized, leading to
a very efficient calculation of the sensitivity coefficients.

The second term on the right-hand side of Eq. (41) is

a5, (02, 07) = //0 (651'./')/051:/’ ’dQ (42)
o

where Eq. (5) is used to compute the variation of stress components
with respect to material property u as

(oSi) = 2{[A/10 + 240 (o1 — 3) + 3A4% (o1, — 3)2]

x (1) * (8 = Sanc )+ kg G - 0icy @)

For the total Lagrangianformulation, we can write a general struc-
tural performance measure at the final equilibrium configuration
t +A t correspondingto perturbed design u + tou as

v = / ("2, oV Tz u + Tou)dQ  (44)
0q

The first-order variation of the performance measure with respect
to the material property design variable is obtained as'’

v = i|:/. g(éz, oViz,u+ 161,4) 0d§2i|

=0
= / (g’ 0z OZ/ + 8, oV i, OVZ/ + 8. 6”) OdQ (45)

Once (z and oz’ are obtained from Eqs. (6) and (41), respectively,
¢y’ can be obtained from Eq. (45).
For the adjoint variable method, an adjointequationis introduced

as'®

a; (37 04 01) = / (8 1:0A+ & yvr. 0V 02) dQ
0q

for all oA € oZ (46)

SolvingEq. (46) to obtainthe adjoint variable A, design sensitivities
¢y’ can be computed using

= [ g 8u%4Q £ (00—l (ia 0d)  (47)

0q

A complete derivationis given in Ref. 10.

V. Shape Design Sensitivity Analysis
In shape DSA, parameters that determine the geometric shape
of the structural domain are treated as design variables. The rela-
tionship between shape variation of a continuous domain and the
resulting variation in structural performance measures can be de-
scribed using the material derivative of continuum mechanics.'®

A. Design Velocity Field

Consider a structural domain °Q with its boundary °I" as a con-
tinuous medium at the initial design r =0 shown in Fig. 2 (solid
lines). Suppose only one parameter 7 defines the transformation T’
that changes the structural domain from °Q to °Q. (dotted lines).
The transformation mapping T that represents this process can be
defined as

x) for %x € °Q (48)

Fig.2 Shape change process.
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Define the design velocity field V, with 7 playing therole of (design)
time, as'®

0 0 F) 0
V(Oxr, T) _ d'x, _ dT( X, T) _ T( X, T) (49)
dr dr ot

In the neighborhood of initial time 7 =0, assuming a regularity
hypothesisand ignoring higher-orderterms, T can be approximated

by
oT("x., 7)

+0O(t?) = % + V(%)
ot

(50

T(°%, 7) =T(%x,0) + 7

where %x = T(°x, 0) and V(°x) = V(°x, 0).

B. Design Sensitivity Analysis

Considera structuralsystemin its final equilibriumconfiguration,
at time #, instead of # +A ¢ as in Sec. II, corresponding to the ini-
tial domain °Q at T = 0. The equilibrium equation of the structural
system is of the form

aniz B =] i8yisae =] tnozda+ [ iTozar
0q 0q Or

=4 ,(02), for all

Using the total Lagrangian formulation, the variational equation
of equilibrium on a perturbed domain °Q, at its final equilibrium
configuration time 7 +A 7 is'

oz € OZ (51)

aog, (7442, 02) = 4o, (02), forall oz € oZ: (52)

The pointwise total material derivative of the structural responses

A .
1+ (;Z(Oxr) lSlS

% 4 V(%01 — g2(%x)
T

=02 (°x) +,V'2"V(’x) (53)

0z(°x) = lim
T—0

Taking the total material derivative on both sides of Eq. (52) and
using Lemmas 3.2.1 and 3.2.2 from Ref. 18, one obtains

[a00 (52 03)] = a5, (12 o2 02) + 4} (32, 02)

=4£,(o2), forall oz € (Z (54)
where!?
ay (42, 07) = —ag, (47 0V 2"V, 42)
—ao, (42, 0V'Z"V) + do, (§2. 02) (55)
and

dog (02> 02) = / (v[(; Sy @]V + 48y 08y div V) °dQ  (56)
0
We can rewrite Eq. (54) as

0Z € oZ
(57)

a5 (07 02 02) =£,(02) — ay(i2.02),  forall

This is the sensitivity equation that has to be solved for the total
derivative of the structural response. The left-hand side of Eq. (57)
exhibits the same bilinear form as Eq. (6), and so the computation
of sensitivity coefficients is very efficient.

Consider a general structural performance measure in an integral
form as

[+A(;l//:/ g('Méz, OVHrAéZ)OdQT (58)

0,

The first-order variation of the performance measure with respect
to the shape design variable using total material derivative is'

oW = / [gag)z 02+ & ovr.oVZt+ g v, OV(OVIZT)V

0q
—2.ov. oV(VZ' V) + (Vg TV + g div V] %dQ (59)

Once §z and (z are obtained from Eqgs. (6) and (57), respectively,
¢y’ can be obtained from Eq. (59). This is the direct differentiation
method. Design velocity field V must be computed carefully so that
it satisfies theoretical and practical requirements 2’

For the adjoint variable method, an adjointequationis introduced

ash

a4z ot o8) = | (8 o0kt 8 yv e, 0V 01) 20
0q
forall oA € oZ (60)
Solving Eq. (60) for the adjoint variable (A, the design sensitivity
¢y’ can be computed using

=800 — (2 od) + | [gener oV (V)Y

0q
— 8w 0V(V'Z V) + VeV + gdivV] %dQ (61)
A complete derivationis given in Ref. 15.

VI. Numerical Implementation

In this section, the computational procedure for proposed DSA
is presented. We employ a computational algorithm for a fictitious
load for the material DSA to explain the procedure.

A. Computational Procedure of DSA

The computational procedure shown in Fig. 3 has been imple-
mented for material and shape DSA using RKPM. Here, an RKPM
code is used to obtain structural responses at the final configuration
¢z. The fictitious and adjoint loads are evaluated externally to the
RKPM code, using the direct differentiation method [Eq. (41) for
material design variables and Eq. (57) for shape design variables]or
the adjoint variable method [Eqgs. (46) and (60)]. Then these loads
are considered as additional loading cases to solve for ¢z’ or ¢z or
o, using the tangent stiffness matrix that has been decomposed at
the last iteration for time ¢ of the original structural analysis. The
final step is to compute §y’ using the direct differentiation method
[Eq. (45) for material and Eq. (59) for shape] or the adjoint vari-
able method [Eq. (47) for material and Eq. (61) for shape]. Note
that the same interpolation functions used in RKPM, i.e., Eq. (31),
are used to interpolate structural responses at integration points for
the computation of adjoint loads, fictitious loads, and sensitivity
expressions.

Shape DSA requires special attention while using the RKPM
method because the shape functions for a particle depend on the

- Geometric and
Design Model Analysis Model
Definition Creation
Design Velocity Structural Analysis |
Field Computation Using RKPM
l A\ l 0z
Adjoint Load Computation

(Right Side of Eq. 46 or 60) or
Fictitious Load Computation
(Right Side of Eq. 41 or57)

b

. Decomposed
Structural Analysis Stiffness Matrix
for Adjoint or
Fictitious Loads
Using RKPM

oA l 0z’ or oZ

Sensitivity Computation
(Adjoint Variable Method, Eq. 47 or 61
Direct Diff. Method, Eq. 45 or 59)

Fig.3 DSA computational procedure.
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positions of its neighboring particles. Shape changes influence the
interpolation functions due to movement of neighboring particles.
From Eqs. (26) and (27) it follows that

NP . NP .

) =20 W@d + 2 Y dy (62)
=1 I=1

. NP . NP . _

Py =20 W dy + ) Yd;, (63)
I=1 =1

where ¥ (x) is the total derivative of the interpolationfunction with
respect to shape design parameter. Because

NP B
> W) dy € Z"

I=1

the path d;l- 1 =0 can be selected to simplify the formula. Note that
in the discretized form z"(x) # 0.

B. Computational Algorithm
The computational algorithm for the fictitious load of material
DSA, Eq. (41), is listed next to explain the computational proce-
dure. Similar algorithms were developed to support computation
of adjoint loads and sensitivity expressions for material and shape
design variables. In this algorithm, Qo is the domain of support of
the interpolationfunction ¥;(°x) associated with the particle I with
position vector %x;; S* = {%x;: %, € Qo!} is a set of particles in
which the domain of support associated with each particle covers
Ox4; and NA is the number of particlesin set S*. Figure 4 illustrates
an RKPM discretization, where S* = {°x,, %x,, "xx } and NA = 3.
The computational algorithm using the Gauss integration is as
follows:
Loop over integration zones
Loop over Gauss integration points %x 4
Loop over all particles °x; € S*
Compute the interpolation function ¥, (°x 4)
Compute the derivatives of interpolation function
¥,.:(°x 4) with respect to the ith coordinate
End loop over particles %x; € $*
Compute deformationgradient,F(°x 4); use the deformation
gradient at °x 4 to evaluate
Green—Lagrange strain tensor je
Variation of the second Piola—Kirchhoff stress
tensor with respect to material design variables,
i.e., Eq. (43)
Loop over neighboring particles °x; € $* to
Compute fictitious loads corresponding to each particle
using the right-hand side of Eq. (41)
Assemble fictitious loads at particles to generate a global
fictitious load vector f at the generalized coordinates
End loop over particles ®x, € S*
End loop over integration points °x ,
End loop over integration zones
Transform the global fictitious load vector from the generalized
coordinates to the nodal coordinates, using

. NP
fir = Z A;} fis

J=1

@® Particle

X Gauss Integration
Point

7 Partition of
"~ Integration Zone

(O Support of Particle
Interpolation Function

Fig.4 RKPM discretization.

VII. Examples
An infinitely long rubber tube (modeled as both one- and two-
dimensional problems), a two-dimensionalrectangularrubberband,
and an engine mount are presented in this section to demonstrate the
proposed DSA method. In this paper, the linear function H =[1, x —
s] and the quadrature rules of Ref. 8 are used.

A. Infinitely Long Rubber Tube

An infinitely long rubber tube with an internal pressure P is mod-
eled as both one- and two-dimensional axisymmetric problems, as
shown in Fig. 5. Inner and outer radii of the tube are 60 and 80 mm,
respectively. The pressure P is 0.5 MPa. Analysis results of this
problem have been verified using an analytical solution.® The vari-
ational equilibrium equation of the two-dimensional axisymmetric
problem using the total Lagrangian formulation is

0q

a, (32, 02) = / (631'./’ 0&ij + 053 67933>0X1 ’dQ
:/ Pix;0z%dr =4,(z), forall ,z € (Z (64)
or

where (S;; is defined in Eq. (5) and the strains are
— — 1
06ii = geij +omy = 3(32is + 62i.7)

+2(52ri 026.)s for i jk=1,2 (652)

2
o33 = bess + ims =z /0% +é(611/0x1) (65b)

Note that the load form is a function of the displacement because
t 0 t
0 X1 =X + 0<1-

1. Material Design Sensitivity Analysis

The vector of design variables is u” = {A g, Ay, Az, k}. The
variations of the energy and load linear forms with respect to the
material design variables can be obtained from Eq. (41), using

st ,_. ro=\ r 5 0.0
a, (OZ’ OZ,OZ) —/ ODijrx Oei.,’ 0€rs X1 dQ

0o
+/ (5517 071, + 5833 07153) “x,°dQ (66)
0q
and
di(izeod) = | 16S)) 8 + (Su) f2u]"xlae (67
0g

where D;j,3 =0 for r # 3, and

1
Oez{j = 5(021{4’] + oz.’,}i + {zki 02,:4’.,» + $2k.j oz,/(’i) (68a)
_ L= _ _ _
0€ij = g(oziﬁ/ + 0Zji + §Zki 02k, + (2K, OZkA,i) (68b)
_ ! _ _
OTL/-.,» = E(OZLI- 02k, t 02y OZkA,i) (68¢c)

A 1-D model with 5 particles

t
Oxi ' x1

) A 2-D model with
18 particles

Fig. 5 Infinitely long rubber tube.
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fori, j,k=1,2,and
0¢5y = [1+ 521/ °x1)](0z1/ x1)
0€33 = [1 + (621/0)51)](021/0)51)

07_733 = (ozl/oxl)(ozl/oxl)

The variation of the load form contains a displacementderivative as

(68d)

'ggu(oz) Z/ POZ/l OZOdF (69)
or

Therefore, the sensitivity equation correspondingto Eq. (41) is

. = -0 =
a:(éz, 0z, oz) - / P o7} 0z VAl = af, (61, OZ)
or

(70)

The material DSA is implemented using the direct differentia-
tion method. For this example, the material properties are Ay =
0.373 MPa, A,y =—0.031 MPa, A3, =0.005 MPa, and k =2.0 x
10* MPa. Five particles with support size @ = 15 mm, four integra-
tion zones, and a two-point quadrature are employed for structural
analysis and DSA.

The sensitivity results are verified using the forward finite differ-
ence with a perturbation su” = {0.0005*A,, 0, 0, 0}. In Table 1,
v(u+ ou) and y(u) are displacements at the perturbed and ini-
tial designs, respectively; oy is the finite difference result, i.e.,
v(u+6u) — w(u); v is the predicted displacement variation using
sensitivity coefficients, i.e., {Oy/ ou}T - du; and w'/ Sy % is the ac-
curacy measurement of sensitivity coefficients. Under the y'/ oy %
column, a value closer to 100% indicates that the sensitivity predic-
tion is more accurate.

For the two-dimensional example, 18 particles with a support
size of a =4.501 mm in both x; and x, directions, and 4 integra-
tion zones with a 3 x 3 quadrature rule are employed for structural
analysis and DSA. The material properties are A;p =0.373 MPa,
Ay =—0.031 MPa, A3y =0.005MPa, and k = 1.0 x 10° MPa. The
sensitivity results are verified to be accurate, using the forward finite
difference with a perturbation du” ={0.001, 0, 0, 0}, as shown in
Table 2.

for all 02 € 0Z;

2. Shape Design Sensitivity Analysis
For shape DSA, the material derivatives of the energy and load
linear forms of the one-dimensional axisymmetric problem can be

W (o s =\ . .
”0;;(01» OZaOZ) = / (0D1111 o€110€1 + 0D1133 0€11 0€33
) 0g

.o . = )0, 0
+0D33110€33 0811 + 0D3333 0633 0933) X dQ

+ / (5511 071 + ¢33 07153) "x;°dQ (71)

0q

and

0O¢
_ 2 _
ay(4z, 02) = —/ |:0D1111(1 +0211) ¢z VioZi
0

+0D1m<1 + 021 > o1

— L+ (21,1) 0211
Oxl oxlz ( 0 ) »

02
+0D311 (1 +¢211) 0211 Vi (1 + u)

Oxl

0<1
0x,

t 2[ V =
Do (1 N ﬁ) ozl_lﬁ}oxl oax,

Ox, 0x2 Oy,

0O¢
_/ |:6S11(1+26214,1)V14,10514,1
0

i) oz V Oe _
+6S33<1+2u> 00;21 :|0x1 de1+/ [6511(1‘*‘6214,1)021’1
1 0

Ox,
021 \ 021
+0’s33<1 + &)E}(Vl +%x, V1) %dx, (72)

Note that the material derivative of the load form contains a dis-
placement derivative as

[€0,(0D)] = P(oz1 + Vi) oZ + Pxi(0Z1) (73)

Therefore, the sensitivity equation in Eq. (57) becomes
a5, (625 02 02) = P o1 oZ1 = 4(02) — @y (52, 02) + 40 (02)

—ay,(4z.02),  forall  gZe  Z (74)

where

obtained from Eq. (57), using

'ev(oz) =P Vl 021

Table 1 Verification of displacement sensitivity for material property A, for one-dimensional

axisymmetric example
Displacement z1 w(u + du) w(u) Sy v’ 'l Sw%
Node 1 1.543696E+2 1.543806E+2 —1.1030E-3 —1.1030E-3 100.0
Node 2 1.508222E+2 1.508331E+2 —1.0956E -3 —1.0956E -3 100.0
Node 3 1.473825E+2 1.473934E+2 —1.0878E—-3 —1.0878E-3 100.0
Node 4 1.440425E+2 1.440533E+2 —1.0795E-3 —1.0795E-3 100.0
Node 5 1.408056E+2 1.408163E+2 —1.0709E -3 —1.0709E -3 100.0

Table 2 Verification of displacement sensitivity for material property A;¢ of two-dimensional

axisymmetric example
Displacement z1 w(u + du) v(u) Sy v’ 'l Sw%
Node 1 0.1542833E+2  0.1542240E+2 —0.59269E—-2 —0.59235E-2 99.9
Node 2 0.1524966E+2  0.1524375E+2 —0.59072E—2  —0.59038E -2 99.9
Node 3 0.1507366E+2  0.1506777E+2 —0.58869E—2  —0.58836E—2 99.9
Node 4 0.1490028E+2  0.1489442E+2 —0.58661E—2 —0.58627E-2 99.9
Node 5 0.1472953E+2  0.1472369E+2  —0.58447E—-2 —0.58414E-2 99.9
Node 6 0.1456135E+2  0.1455553E+2 —0.58228E—2 —0.58195E-2 99.9
Node 7 0.1439573E+2  0.1438993E+2 —0.58003E—2 —0.57970E-2 99.9
Node 8 0.1423262E+2  0.1422684E+2 —0.57774E—-2 —0.57741E-2 99.9
Node 9 0.1407201E+2  0.1406625E+2  —0.57540E—2 —0.57507E-2 99.9
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Table 3 Verification of displacement sensitivity for shape design variables for one-dimensional

axisymmetric example
Displacement z1 w(u + du) w(u) Sy v’ 'l Sw%
Node 1 1.547744E+1 1.547701E+1 4.281E—4 4.279E—4 100.0
Node 2 1.512333E+1 1.512289E+1 4.441E—4 4.441E—4 100.0
Node 3 1.477888E+1 1.477842E+1 4.591E—4 4.591E—4 100.0
Node 4 1.444478E+1 1.444431E+1 4.729E—4 4.728E—4 100.0
Node 5 1.411996E+1 1.411948E+1 4.856E—4 4.855E—4 100.0

Table4 Verification of displacement sensitivity for material property Ao of the two-dimensional
plane strain example

Displacement v (u + u) v(u) Sy v’ 'l Sw%
1z1 0.3499085E+1 0.3499084E+1 —097179E—6 —0.97357E-3 100.1
122 —0.2500702E+0 —0.2500702E+0 0.25450E—8 0.25159E—5 98.9
2z1 0.3499095E+1 0.3499094E+1 —0.96227E—6 —0.96404E—3 100.1
2272 —0.5001365E+0 —0.5001365E+0 0.66910E—8 0.66372E—5 99.2
7z1 0.2999144E+1 0.2999144E+1 —0.51584E—6 —0.51694E—3 100.2
722 —0.2499306E+0 —0.2499304E+0 0.16354E—6 0.16380E—3 100.1
11z1 0.2499563E+1 0.2499563E+1 0.16320E—7 0.16165E—4 99.1
11z2 —0.4997750E+0 —0.4997749E+0 0.12951E—6 0.12979E—-3 100.2

Deformed
Undeformed
0t
AN OIONOX x e
X2 X2 V7
Z
OXl‘xl Z

Fig.6 Two-dimensional rectangular rubber band.

The shape DSA is implemented using the direct differentiation
method. In this example, five particles with supportsize a = 10 mm,
four integrationzones, and a one-pointquadrature are employed for
structural analysis and DSA. The inner radius of the tube is defined
as the shape design variable. A linear design velocity field is defined
for this shape design variable,i.e., Vi(x;) = (Fexe = X1)/ (Fext = Tint)-
The sensitivity results of the one-dimensional example are verified
to be accurateusing the forward finite difference with a perturbation
of 0.001 mm, as shown in Table 3.

B. Two-Dimensional Rectangular Rubber Band

A rectangular rubber band with a prespecified displacement is
modeled as a two-dimensional plane strain problem, as shown in
Fig. 6. The size of the band is 4 x 1 cm?. Because of symme-
try, only one quarter is analyzed. The material properties are A
=0.373 MPa Ay, =—0.031 MPa, A3, =0.005 MPa, and k =1.0
x 10° MPa. The displacementsin the x; direction are imposed to
be 4 cm, as shown in Fig. 6. The energy form of the two-dimensional
plane strain problem with the material and shape design sensitivity
expressions can be obtained from Secs. IV and V. The variation of
the load form vanishes because the external load does not depend
on design variables.

For this plane strain example, 27 particles with support size
a=1.0 cm in both x; and x, directions, 4 integration zones, and
a 3 x 3 quadrature rule are used to perform structural analysis and
DSA. The material design sensitivity is computed using the di-
rect differentiation method. The sensitivity results are verified to
be accurate, using the forward finite differences with a perturbation
su’” ={0.001, 0, 0, 0}, as shown in Table 4.

C. Engine Mount
An engine mount with imposed displacement boundary condi-
tions is modeled as a two-dimensional problem, as shown in Fig. 7.

Fig.7 Particle model of an engine mount.

A geometric model is created using MSC/PATRAN.?® Because of
symmetry, only half of the structure is analyzed. Half of the model
contains 188 particles and 133 integration zones. Yeoh'’s strain en-
ergy density is employed to describe the hyperelastic material as in
Eq. (2). The exterior boundary is assumed to be fixed. The interior
metal block (the shaded region in Fig. 7) is treated as a rigid body
and the stiffness of the engine mount is viewed as a performance
measure. The stiffness is computed using the ratio of the reaction
force developedat the final load step and the imposed displacement.
The hydrostatic pressures at critical points are also selected as the
performance measures.

The analysisis carried out in 25 load steps, due to high nonlinear-
ity of the model and large deformation. Figure 8 shows the fringe
plot of the hydrostatic pressure on the deformed engine mount. The
hydrostatic pressure is computed from

p=k(}J —1) (76)

where k is the bulk modulus and § J is the determinant of the defor-
mation gradient.

Eight shape design parameters, the x and y coordinates of four
control points (grid points 8, 12, 29, and 33) on the boundary as
shown in Fig. 9, are selected for this problem. Eight corresponding
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Table 5 Verification of stiffness and pressure sensitivity for engine mount

Performance Design ) )
measure parameter no. v(u) v (u + ou) Sy v v X oul Sy %
Stiffness 1 1.8963177 1.8912487 —0.5069D—-02 —0.5117D+01 100.9
2 1.8963177 1.8955871 —0.73062D—-03  —0.72934D+00 99.8
3 1.8963177 1.8959556 —0.36215D-03 —0.37556D+00 103.7
4 1.8963177 1.8967045 0.38677D—-03 0.38895D+-00 100.6
Pressure no. 40 1 —346.9361 —346.9215 0.14616D—-01 0.14380D+-02 98.4
No. 48 1 326.2706 326.2583 —0.123000—-01 —0.12107D+02 98.4
No. 50 1 201.8209 201.8162 —0.47118D—-02 —0.46218D+01 98.1
No. 55 1 475.8586 475.8148 —0.43801D—-01 —0.43047D+02 98.3
No. 118 1 —244.8332 —247.4717 —0.26385D+01 —0.26735D+04 101.3
No. 40 2 —346.9361 —346.9251 0.11050D-01 0.11136D+-02 100.8
No. 48 2 326.2706 326.2615 —0.91679D—-02 —0.92386D+01 100.8
No. 50 2 201.8209 201.8172 —0.37362D—-02 —0.37663D+01 100.8
No. 55 2 475.8586 475.8247 —0.33876D—-01 —0.34146D+02 100.8
No. 118 2 —244.8332 —243.5505 0.12827D+01 0.12881D+04 100.4
No. 40 3 —346.9361 —346.9456 —0.95075D—-02 —0.95165D+01 100.1
No. 48 3 326.2706 326.2783 0.76456D—02 0.76566D+-01 100.1
No. 50 3 201.8209 201.8244 0.34570D—-02 0.34572D+01 100.0
No. 55 3 475.8586 475.8889 0.30361D-01 0.30372D+-02 100.0
No. 118 3 —244.8332 —246.4168 —0.15836D+01 —0.15837D+04 100.0
No. 40 4 —346.9361 —346.9396 —0.34887D—02 —0.35025D+01 100.4
No. 48 4 326.2706 326.2735 0.28423D—-02 0.28537D+01 100.4
No. 50 4 201.8209 201.8222 0.12526D-02 0.12580D+-01 100.4
No. 55 4 475.8586 475.8696 0.11011D-01 0.11056D+-02 100.4
No. 118 4 —244.8332 —245.5486 —0.71542D+00 —0.71932D+03 100.5
475.
421.
366.2]
3113
256.4)
201.6]
146.7]
91.8
37.03
-17.82
-72.67
-127.5
Fig. 9 Desi trization.
1824 12 esign parametrization
-237.2
VIII. Conclusions
-292.1 A continuum-based DSA method for hyperelastic structures us-
26 ing RKPM was presented. Both the material and shape DSA meth-

Fig. 8 Pressure fringe plot on deformed structure.

design velocity fields are computed using the boundary displace-
ment method of the design sensitivity analysis and optimization
tool.?? Equation (57) is used to compute the design sensitivity of the
displacement for each shape design parameter. The design sensitiv-
ities of the hydrostatic pressure at selected critical points and the
stiffness of the structure are computed using Eq. (59). The results
are verified using the forward finite difference with perturbationsof
0.001 for each design parameter as shown in Table 5.

ods for hyperelastic structures were developed. The proposed DSA
methods were demonstrated to be quite accurate using various one-
and two-dimensionalexamples. Shape DSA and optimizationusing
the meshless method hold a great potential to remedy mesh distor-
tion problems that occur using traditional finite element methods.
Currently, a shape optimization capability using the RKPM is be-
ing developed to explore and to demonstrate the true advantages of
applying RKPM to support shape design optimization.
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